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1 Introduction

n
Let Q be a Lipschitz domain in R” and let A = Z 8]2 stand for the Laplace operator
j=1
in R". The Zaremba problem, or the mixed problem for the Laplacian in Q with L?
data, 1 < p < oo, has the form

uee=(Q),
Au=0 in Q,

n.t

(MBVP,) { u| ~=fo€L{(D) onD, (1)

du
27 = P
vy fneLP(N) on N,

N (Vu) € LP(9Q)

where D and N are disjoint open subsets of dQ with the property that they share a
common boundary dD = 9N, and dQ = DUN. Above v denotes the outward unit
normal vector to Q, which exists 6-a.e. on dQ, where ¢ := .#" | Q. Here 7"~
stands for the n — 1-dimensional Hausdorff measure in R”. In (1), the non-tangential
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nt.
trace to dQ denoted by - 0 is introduced in (42), .4 stands for the non-tangential

maximal operator defined in (41) and —M‘ stands for the normal derivative of u

as in (43). In addition L?(dQ) and L”(N) are the Lebesgue spaces of p-th power
integrable functions on dQ and respectively N, with respect to ¢, while L (D) is
the homogeneous Sobolev-Lebesgue space of order 1 on D.

Boundary value problems with mixed Dirichlet and Neumann type conditions
arise naturally in connection with physical phenomena such as conductivity, heat
transfer, elastic deformations, electrostatics, etc., and there is a vast mathematical
and engineering literature dealing with this topic, see e.g., [1], [12], [14], [19], [20],
[21], [22], [23], [26], [32], [33], [34], [35], [36], [37], [39], [41]. In the setting of
Lipschitz domains, in response to the question posed by C. Kenig on pp. 120 of [16]
calling for characterizing the smoothness of the gradient of solutions of the Zaremba
problem, R. Brown proved in [3] the well-posedness of the problem (MBV P,) and
subsequently, in [40], R. Brown and J. Sykes establish

the well-posedness of (MBVP,) for p € (1,2]
in the class of creased Lipschitz domains ,

@)

where the creased condition roughly speaking indicates that D and N meet at an an-
gle which is strictly less than 7. Perturbation arguments then allow one to establish
that

for each bounded creased Lipschitz domain the problem (MBV P,)

3
is well-posed for p € (1,2+€q) , )

where £ > 0 depends on the Lipschitz character of the domain 2, D, N and p.
For additional work on the mixed problem in the Lipschitz or rougher settings we
refer the interested reader to [4], [5], [6], [7], [8], [9], [24], [26], [28], [30], and the
references therein.

One of the main goals of this paper is to establish sharp invertibility properties
for a singular integral operator naturally associated with (MBV P,) when the domain
Q is an infinite sector in two dimensions and when a Dirichlet boundary condition is
imposed on one ray of the sector, and a Neumann boundary condition is imposed on
the other ray. Specifically, looking for a solution of (MBV P,), p € (1,0), expressed
as a harmonic single layer potential operator with an L” density leads to the issue of
inverting the operator (see (59))

arS aTS
K* —iI+K*

) :LP(D)®LP(N) — LP(D)® LP(N) , 4)

where S is the boundary-to-boundary harmonic single layer potential operator de-
fined in (46), d; denotes differentiation in the tangential direction, K* is the formal
adjoint of the boundary-to-boundary harmonic double layer potential operator from
(48), and I is the identity operator.



Solvability Results for Mixed Problems in 2D 3

In the geometric context just described, we identify the set of critical integrability
exponents p € (1,e0) for which T fails to be invertible, and we establish an explicit
characterization of its L? spectrum for each p € (1,00). If the sector Q has (full)
aperture 6 € (0,27), in Theorem 3 we establish that the singular integral operator
T is invertible on the space L? (D) @ LP(N) whenever p € (1,0) is such that

b it 8¢(0,7/2]
m—6 20 if 9 (n/2,m)
p#KL 2 if 6=m (3)
28 if 0c(n,31/2]
2(3%7 2925)37: if 0€(3n/2,2m),

a result which has fundamental consequences for the solvability of (MBV P,) in the
class of curvilinear polygons in R

The crux of the matter is that when € is the interior of an infinite angle in R?
the operator 7' is of Mellin convolution type. This enables the employment of the
Mellin transform to identify the critical integrability exponents from the right-hand
side of (5) as the zeroes of the determinant of the Mellin transform of the matrix
kernel for the operator 7. One remarkable byproduct of our main invertibility result
is an example of a natural operator (i.e. T') that is linear and bounded on the entire
Lebesgue scale L for all p € (1,), which happens to be invertible for all but
finitely many values of the parameter p without actually being invertible for every
p- This phenomenon highlights the pathology that, as opposed to interpolation of
boundedness, the property of being invertible does not interpolate. The failure of
invertibility to interpolate is rooted in the fact that, as opposed to the operator 7,
its inverse 7~! does not necessarily act in a compatible fashion when considered
on two different L? spaces. This being said, it is known (from general principles of
functional analytic nature) that 7~ ! exists and acts in a coherent fashion locally, i.e.
on L? spaces for all p’s sufficiently close to some value p, for which T is known to
be invertible on the space L.

Building on the sharp invertibility results established for the operator 7' from
Theorem 3 we are able to establish the well-posedness of (MBV P,) when £ is the
interior of an infinite angle in R? of aperture 8 € (0,27) whenever

e if 6¢(0,7/2]
28 g if 0c(n/2,7)
p#A 2 if 0=nx (6)
= if 8¢ (m371/2
v o s if 0€(3m/2,2m),
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see Theorem 5. While the existence of a solution follows immediately from The-
orem 3, the uniqueness relies on a new integral representation formula for the
gradient of harmonic functions u in a graph Lipschitz domain Q C R? satisfying
A (Vu) € LP(9Q) for some p € (1,0), to the effect that

aluzazy(aru)—aly(g—t) in Q, %
Dt = —315”(31-14)—325’(3—:) in Q. @)

Here . stands for the boundary-to-domain single layer potential operator intro-
duced in (45). Formulas (7)-(8) are, in turn, proved using a sharp divergence theorem
for functions with non-tangential traces established in [27].

The techniques employed in proving our main results allow, in particular, for a
more nuanced analysis of the nature of £ in (3) in the case of creased curvilinear
polygons in R? (which is not achievable through the methods employed by Brown
and Sykes). The work undertaken here clarifies how the geometry of the sector Q
affects the range of integrability exponents p for which (MBV P,) is well-posed. In
order to emphasize some of the properties of the critical indices identified in the
right-hand side of (5), for each 6 € (0,2x) introduce prisic(6) as

s if 6¢(0,7/2]
min {220 20 if 6e(n/2,m)
pcritic(e) =<2 if 6=m )
min { 2%, 7% if 0¢(m3m/2]
min{ 53% . 3557 9ox if 6 (3m/2,27).
Note that
lim pcritic(e) =2 and 111117 pcritic(e) =2, (10)
00" 0—rx
and
Deritic(0) > 2 whenever 0 € (0,7) . (11)

In the setting when the sector Q is a creased Lipschitz domain (i.e. for 6 € (0, 7))
our results are, of course, in line with what the theory for generic creased Lipschitz
domains predicts. In this scenario, the novelty and relevance of Theorem 3 stems
from the explicit nature of the dependence of the critical exponent pyiic(6) on Q
(via the aperture 6). For example, whenever 6 € (0, ) (which is precisely the range
of 8’s for which the Lipschitz domain 2 = 2y is creased), we are able to identify the
parameter € appearing in (3) concretely as €g = periric(0) —2 > 0. In particular, in
light of (10), this makes it clear that £o — 0 as  — 0™ or & — &~ (corresponding
to the limiting cases when being Lipschitz or being creased is lost).
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Compared to the earlier work of R. Brown and J. Sykes here we go beyond the
class of creased Lipschitz domains by allowing sectors of aperture 6 € [7,27) in
which case we continue to have solvability results for (MBV P,) of the sort de-
scribed in Theorem 5. The new phenomenon that occurs in the latter case is a more
restrictive range of p’s than indicated in (2) since

4
3 < Peritic(0) < 2 whenever 0 € (,27) . (12)
In fact, since also
lim peiric(0) =2 and  lim  perinic(0) = 4 (13)
9*)71;+ pCrlth - 6*)271'7 pCrlth - 3 bl

our results help clarify the nature of the range of p’s for which (MBV P,) is solvable
in Lipschitz domains which are not necessarily creased. Indeed, this portion of our
work should be compared with the results of R. Brown, L. Capogna, and L. Lanzani
who have shown in [24] that in this scenario (MBV P,) is solvable for some p > 1.

While in the present work we exclusively focus on the basic case of an infinite
sector, localization techniques (see for example [29, Lemma 1]) may in principle be
employed to produce solvability results for mixed problems in the class of curvilin-
ear polygons. Concretely, starting with (5), it is expected that if € is a curvilinear
polygon in R? with angles 6y,6,,...,6,y € (0,7), for some N € N, then the mixed
boundary value problem (MBV P,) in which one imposes alternating Dirichlet and
Neumann boundary conditions on the sides of Q is well-posed for

1 i critic 61' . 14
pe( ety P ( )> (1

For a systematic treatment of mixed boundary value problems in polygonal domains
in which the size and regularity of the solution is expressed in terms of membership
to Sobolev spaces the reader is referred to [18, § 4].

The layout of the paper is as follows. Section 2 contains notation and known re-
sults that are useful for the present goals. In particular, here we record a key spectral
result, see Theorem 1, for elements in the algebra generated by Hardy kernel opera-
tors on L” (R ) and the truncated Hilbert transform, for 1 < p < . In Section 3 we
compute the Mellin symbol of a singular integral operator naturally associated with
the mixed problem in an infinite sector in two dimensions, and establish invertibil-
ity properties for this operator on the scale of Lebesgue spaces L? (D) @ L” (N ), with
1 < p < oo, where D and N are the left and right rays of the sector and, respectively,
the Dirichlet and the Neumann pieces of the boundary. Our main invertibility result,
Theorem 3, identifies the critical indexes p for which the invertibility fails. Section
3 also contains further results on the spectra of the aforementioned singular integral
operator, including an explicit characterization of the spectra as parametric curves
in the plane, cf. Theorem 4. Finally, the main well-posedness result is stated and
proved in Section 4.
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2 Preliminaries

This section contains notation and definitions used throughout the paper along with
some useful results from the literature that pertain to our discussion. To get started,
recall that if X is a Banach space and T : X — X is a linear and continuous operator,
the spectrum of T acting on X is given by

o(T;X):={weC: wl—T isnotinvertibleon X} , (15)

where, throughout the paper, / stands for the identity operator.

Next we introduce the Hardy kernels for L” (IR ), where R stands for the set of
non-negative real numbers and, for each p € (0,o0), the space L”(IR..) denotes the
space of p-th power integrable functions on R .

Definition 1. Let k : Ry x R — R be a Lebesgue measurable function. Then k is a
Hardy kernel for L? (R ) for p € [1,e0) provided

(1) k is a positive homogeneous function of degree —1, i.e., for any A > 0 and any
x,y € Ry, there holds k(Ax,Ay) = A~'k(x,y);

) /O k(1,y) [y /Pdy < .

Furthermore, a matrix-valued function k : R, x R, — RO, k = (kij)1<i<e,1<j<m
for ¢,m € N, is called a Hardy kernel for L”(Ry) provided each entry k;;, with
ie{l,....¢} and j € {1,...,m}, is a Hardy kernel for L”(R ).

The collection of Hardy kernels for L”(R. ) shall be denoted in the sequel by
HK,.

It is worth pointing out that, if k € HK), for p € (1,0), the homogeneity of k
permits us to write

| rdy = [l D tae = R ke a6
0 0 0

where kT : R, x R, — R is the transpose of k, defined as k” (x,y) := k(y,x) for each
(x,y) ER: x R4, and % + % = 1. Since clearly k is also positive and homogeneous

of degree —1 and (k") =k, in concert with (16) this shows that
k€ HK, <= k" € HK,y, where p,p' € (1,e0) are such that % +§ =1 17

Moving on, with each scalar-valued Hardy kernel k € HK,, p € (1,), associate
an integral operator .7 acting on functions f € L” (R ) according to

Tiw= k() fO)dy. xeR, . (18)

The operator .7 is called a Hardy kernel operator with kernel k. The setup of the
vector-valued case follows a similar blueprint. Concretely, fix two integers £,m € N
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and let k = (k;j)1<i<¢,1<j<m be such that k € HK), for some p € (1,0). Associate
with k the operator .7 acting on functions f € (L” (R+))m according to

71w= k() fO)dy, xeR;, (19)

where - denotes matrix multiplication.
The Mellin transform of a measurable function f on R is defined as

MI(Z) = /O T () dx (20)

for those z € C for which the integral is absolutely convergent. If this is the case for
all z’s in some strip
Ip:={z€C:a<Rez< P}, 20

with &, B € R satisfying o < B, we shall refer to I, g as a strip of holomorphy for
f. Itis straightforward to see that if f is a measurable function on R then for each
z in a strip of holomorphy for f we have

Mg(z—1)=Mf(z), where g(t):=1f(t). (22)

Whenever £,m € N and k = (kij)1<i<¢,1<j<m is an £ X m matrix-valued measurable
function on R and there exists some some common strip of holomorphy for all
individual entries k;;, we set

///k(z) = ('///kij(z))lﬁiﬁﬂlﬁjﬁm foreach z € Fa,ﬁ . (23)

The following result found in [2], [13] and [25] allows one to explicitly determine
the spectrum of an entire class of bounded linear operators acting from (L?(R;))"
into (L? (R4 ))™ as described below.

Theorem 1. Let h = (hj})1<i j<m be a Hardy kernel for LP(R_.), for some p € (1,0)
andm € N, and let A, B be m x m matrices with real entries. Consider the operator
X defined as

Zf(s) :=Af+/0wﬁ(s,t)f(t)dt, seRy, (24)

with
1
K(s,1) :=h(s,1)+ p— -B, Vs,t € Ry suchthat s #t . (25)
5

Then the operator
X (LP(RL))" — (LP(RL))™ is well-defined, linear and bounded (26)

with spectrum

o(Z:(L"(Ry))") =S, (27)

the closure of
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$:={weC: det (w1— (A+AR(,1) (L + i&)) =0, for some & €R} . (28)

A useful consequence of of Theorem 1 is singled out below.

Corollary 1. Retain the setting of Theorem 1 and make the additional assumption
that
det(A—mi-B)#0. (29)

Then the operator % is invertible on (LP (R4.))™ if and only if
det (A+///ﬁ(~,1)(%+i§)) £0, VEER. (30)

Proof. In one direction, assume that the operator % is invertible on (L”(Ry))™.
Thus 0 & o(%;(LP(R4))™). Using the characterization of the spectrum of # from
(27)-(28) in Theorem 1 this is further equivalent with 0 ¢ S. Consequently 0 ¢ S,
and hence (30) holds.

In the opposite direction, assume that (30) is valid. Seeking a contradiction, sup-
pose Z is not invertible on (L? (R4 ))™, or equivalently, 0 € 6(%; (L” (R))™). Ap-
pealing again to Theorem 1 this yields O € S and thus there exist {w j}jen € Cand
{&;}jen € R such that

fimw; =0, 31)
J—ree
and
det (wjl— A+ 2R, 1))(;+i§,-)) —0 foreach jEN. 32)

In the case when {&;} jen has a bounded subsequence, by the Bolzano-Weierstrass
theorem, there is no loss of generality in assuming that there exists &, € R such that
lim §; = &,. Note that

oo

Ro>&w— (A—i—///ﬁ(-,l))(% +i&) is continuous,, (33)

and that the determinant function is continuous. Thus, by passing to the limit in (32)
and using (31), we obtain that in this scenario

det (A+.#R( 1) (5 +i&,)) =0, (34)
contradicting (30).

The remaining case is the scenario when {&;} jen has a subsequence {&;, }ren
convergent to either +oo or —oo as k — oo. We start by introducing the space

d
LY(R,):= {f :Ry — C: f is measurable and / [f(x)] g 00} . (35
Note that the property of / being a Hardy kernel ensures that the function 4, defined

by hp(x) := x'/Ph(x) for each x € R belongs to L!(R, ). Since the Fourier trans-
form on the Haar group is in fact the Mellin transform, the latter condition along
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with a version of the Riemann-Lebesgue lemma in this context guarantee that

Jim AR 1)(1/p+iE) =0, (36)

where 0 here stands for the m X m zero matrix. In addition, an explicit elementary
calculation based on Lemma 3 (proved independently later) shows that

lim //(L> (%—i—ié):—m’. (37)

E—too -—1

Consequently, using (36) and (37), we obtain

lim (A+///ﬁ(-,1)(;+ié;)) —A—mi B, (38)

§rteo
and thus, passing to the limit in (32) for the subsequence { ji } reny produces
det(A—mi-B)=0, 39)
contradicting (29). This completes the proof of the corollary.

Throughout the paper, given a graph Lipschitz domain Q C R?, i.e., a domain Q
which is the upper-graph of a Lipschitz function ¢ : R — R, we shall introduce the
surface measure ¢ := ! |0Q, where 7 I stands for the 1-dimensional Hausdorff
measure in R?. Also v = (v, V) will denote the outward unit normal vector to dQ
which, due to Radamacher’s theorem, exists almost everywhere with respect to ©.
For each p > 0 we let L (dQ) stand for the Lebesgue scale of p-th power integrable
functions on dQ with respect to o. If dist(-, dQ) is the distance function to dQ and
a > 11s fixed, for each X € dQ the non-tangential approach region with vertex at X
is introduced as

LX)={YeQ:|X—Y|<a-dist(Y,0Q)} . (40)

For a fixed a > 1 and each function w : Q — R, the non-tangential maximal function
of w, denoted by .4 'w, is set to be

N w(X):= sup |w(Y)|, foreach X €dQ, 41)
Yel(X)

nt.
and the non-tangential limit of w at X € dQ, denoted by w aQ(X ), is defined as

n.t.
wi X)) = lim w(Y), (42)
Yel,(X)

whenever the limit in the right-hand side of (42) exists. In addition, if w is differen-
tiable in Q and if (-,-) is the canonical inner product in R?, we set
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aw n.t.
o= <(VW) aQ,v> . (43)

Moving on, recall the classical radial fundamental solution for the Laplacian E
in R? given by

E(X) =5 -In|X|, VX e R?\ {0} . (44)

In particular, E € €~ (R?\ {0}) and AE = & in the sense of distributions, where
& is the Dirac delta distribution with mass at the origin. Given a graph Lipschitz
domain Q C R? we fix a point X, € R2 \ﬁ and introduce the boundary-to-domain
single layer potential operator acting on a measurable function g defined on dQ as

FeX)i= [ [EX-0Q)-E(X,~0)g(@)do(Q),  XeQ. @)
In the same vein, the boundary-to-boundary single layer acting on a measurable
function g defined on dQ is set to be

Se(X):= | [E(X-0)~E(X,~0)]5(Q)do(Q),  X€9Q. (46

A word of caution is in order. The singular integral operators in (45) and (46) are
closely related versions of the standard harmonic single layers used in the literature,
whose integral kernels are simply E(X — Q). The reason we have altered the stan-
dard definitions is that while for a fixed X € Q the function E(X — -) belongs to
L! (98) for each g € (1,o0), this lacks decay at infinity. By way of contrast, the
kernel E(X — Q) — E(X, — Q) has appropriate decay, namely €'(|Q|~!) as |Q| — o,
as a simple application of the Mean Value Theorem shows.

Next we recall the principal value harmonic double layer potential operator act-
ing on a measurable function g defined on dQ, given by

Kg(P):=p.v. o %(Q)[E(P_ 0)g(Q)do(Q), foroc-ae PcdQ. (47)

The formal adjoint of the operator K from (47) can then be expressed as

K*g(P):= p.v./ [E(P—0Q)|g(Q)do(Q), foroc-ae. PcdQ. (48)

9Q OV (P)

We wish to record the mapping properties of these singular integral operators on
L? spaces considered on the boundary of graph Lipschitz domains. A basic result
that follows from [10] and standard techniques is

Theorem 2. Let Q be a graph Lipschitz domain in R* and fix p € (1,00).
(1) The following operators are well-defined, linear and bounded:
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$:LP(9Q) — L2(9Q) 49)
K:LP(9Q) — LP(9Q) (50)
K" LP(0Q) = LP(9Q) . 1)

(2) For every f € LP(9Q) one has A (V.S f) € LP(9Q). Moreover there exists
a finite constant C > 0 depending only on the Lipschitz character of Q such that

A (VL) leroa) < Cllfllzr o) - (52)

(3) For each f € LP(9Q), the single layer potential operator satisfies

n.t

Zf

=Sf. (33)

I

(4) For every f € LP(dQ) and j € {1,2} there holds

0,7 1], (P = =3vi(PU(P)+ pov. | _(9E)(P=0Q)f(Q)do(Q)

for c—ae PcdQ,

(54)

and thus
2.7f

ov

(P)=(—3I+K*)f(P), o—ae PcdQ. (55)

3 Mellin Analysis of Singular Integral Operators for the Mixed
Problem

In this section we shall consider the case when Q is the domain consisting of the
interior of an infinite angle in R? of aperture 8 € (0,27) with vertex at the origin
(in particular Q is a graph Lipschitz domain in R?). Hereafter we shall denote by
(dQ); and (dQ), the left and the right side of the angle d€, respectively. In this
notation one can naturally identify the two pieces of the boundary (dQ);, j = 1,2,
with R via the mapping (dQ); > P+~ |P| € Ry and for each p € [1,00), identify
LP(9Q) with the space LP (R) & LP(R.).

In the sequel we shall assume that D = (dQ); and N = (dQ), which allows
us to further identify the space L”(dQ) with LP(D) @ LP(N). Seeking a solution
of the mixed boundary value problem (1) of the form u = .%’h for some function
h € LP(9dQ) and using Theorem 2 leads to the following system of boundary integral
equations

0:Sh L= d:fp and (—%I+K*)h L= (56)

Here d; denotes differentiation in the tangential direction.
Identifying LP(dQ) with LP(D) & LP(N), and taking into consideration the sys-
tem (56), we next introduce the operator
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R:LP(D)®LP(N) — LP(D)@® LP(N) given by

R(¢D>:: 9:S 9§ .<¢D>. (57)
(Y K* K* (Y

In terms of this operator, the boundary integral system (56) becomes

00 hlp hlp d:fp
e +R = . (58)
0—3 hln hln In
Introduce next the following operator

T:LP(D)®LP(N) — LP(D)®LP(N) givenby T =M+R,

. e 00 (59)
where M is the operator of multiplication to the left by 01 ]
2

As such, (58) (thus the system (56)) becomes

th arf D
T = ; (60)
hln In
reducing matters to the study of invertibility of the operator 7'.

A simple calculation based on (48) and (44) gives that the kernel of K*, denoted
by kg+(+,-) satisfies

1 —
kK*(RQ)—ﬁ%, YPQEIQ P£Q. (61)

Also, using (46) we may express the kernel of the operator d;S in the form

1 (P—Q,x(P
kaTS(P,Q):ﬁW, VP,QE&Q,P#Q, (62)

where T(P) := (—va2(P), vi(P)). Thus, collectively (61) and (62) imply that the ker-
nel of the operator 7 may be written as

[ ka.s(P.Q) ko s(P,Q)
HEQ)= <1«K* (P.Q) ke (P Q)) | (©2

In turn, the kernel k from (63) can be regarded as a kernel on R x R... Specif-
ically the function &(-,-) on dQ x dQ shall be identified with the following 2 x 2

kernel matrix k : Ry X Ry — My 2 (R) given by

Fs.t) im <fll(svt) fn(&ﬂ) 7 4
k21 (S,l‘) kzz(s,t)
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where M > (R) stands for the set of 2 x 2 matrices with real-valued entries, and

kii(s,t) :=ky.s(P,Q), if P,Q € (dQ);, (65)
kia(s,1) == ky s(P,Q), if P (dQ); and Q€ (9Q), (66)
kai(s,t) :=kg+(P,Q), if P€ (dQ) and Q € (dQ); , (67)
kaa(s,1) = k= (P,Q), if P,Q € (9Q); . (68)

In what follows, we will assume that € is the region above the graph of the function
¢ : R — R given by
o (x) := |x|cot(6/2), xeR. (69)

Concretely, we can now write (dQ); and (dQ); as

Q) = {(—ssin¥ scos &) : seR,} and
2 3
(70)
(09)7 == {( ssmg,scos ):iseRLY}.

The goal of our next result is to provide explicit formulas for E,'j, i,jeq{1,2}.

Lemma 1. Let k = (%ij)i‘je{l‘z} be as in (64)-(68). Then for each s,t € Ry such that
s # t there holds S

~ I 1

PP N 71
1(s,1) o s—t -
_ 1 s—tcos0

Ba00) = = T T 2weord 7
~ 1 tsin @

kai(s,t) = 5— 57— —F——> ’

21(5,7) 2w 52 +12—2stcosB’ Y
kaa(s,1) =0. o

Proof. Let P and Q be such that P,Q € dQ and let |P| =s € Ry and |Q] =1 € R;.
We start our analysis by first assuming that P € (dQ); and Q € (dQ);. Thus, in this
case

P=(ssing,scos ) and Q= (—rsing,rcos§), (75)
and simple geometric considerations show that
V(P) = (cos§,—sin%) and v(Q) = (—cos$,—sing). (76)

Consequently,

(P—Q,v(P)) =1sin@ . (77)
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Thus, using (67) and (61) it follows that

kai(s,1) = ki ((ssin &, scos &), (—1sin &, 1cos £)) (78)

1 tsin @

21 (s> —2stcosO +12)

)

which completes the justification of (73).

Second, consider the case when P,Q € (dQ),. Then (P — Q,v(P)) = 0, since in
this case P — Q is orthogonal to v(P). Thus, based on (61), kx(s,f) = 0, proving
(74).

Next, let P,Q € (dQ);. Then,

P=(—ssing, scosd) and Q= (—tsing,rcos ), (79)

and consequently we obtain

P-Q0= (s—t)(—sing,cos%) , (80)
|P— Q| = (s—1)?sin’ 2—|—(s—t) coszg—(s—t) (81)
7(P) = (sing,—cos¥), (82)
(P—Q,t(P))=—(s—1)(sin* § +cos? §) = —(s—1). (83)

Thus, using (65), (62) and (80)-(83) it follows that

~ 1 1
k“(s,t):kars(( ssmg,scosg) (—tsin2 tcosg)):—ﬁ-ﬁ, (84)
yielding the equality in (71).
Finally, consider P € (dQ);, and Q € (dQ),. Then,
P= ( ssmg,scos ) and Q= (tsing,tcosg), (85)
and consequently
P—Q:(—(s—l—t)sin%,(s—t)cos%), (86)
|P—Qf = (s+1)*sin® § + (s —1)*cos* § = s* +1* —2stcos O , (87)
T(P) = (sing,—cos§). (88)

Using next (66), (62) and (86)-(88) it follows that



Solvability Results for Mixed Problems in 2D 15

ki2(5,7) = ks ((—ssin §,scos §), (rsin &, 1cos 9))

1 (s—l—t)sinzg—l—(s—t)coszg
2z 52412 —2stcos(0) (89)
1 s—tcos(0)

21 2 +12>—2stcos(0)
This gives the identity in (72) and completes the proof of the lemma.

Clearly (71) gives that %11(-, -) is the kernel of the Hilbert transform on R;.
Our next result brings light on the nature of the other entries of the matrix-valued
function k.

Lemma 2. Fix p € (1,0). Then the kernels %12, %21 and %22 from (72)-(74) are Hardy
kernels for LP(R.).

Proof. Since %22 = 0 this is clearly a Hardy kernel for LP (IR} ). Observe next that
k ! (1 — (cos @) - &) and k ! (sinB)- K (90)
= - — . = ——(S1 .
12 T 2 =50 2

are measurable functions on R x R, where

s
K(s) =~ V(st)ER, xR, s£t,
1(s:1) 52 —2stcos O + 12 (:1) * 57

1
o) =~ V(st)eR, xR, s£7.
2(8:1) 52 —2stcos O + 12 (:1) + X Ryys 7

oD

Thus, the statements in the lemma about %12 and %21 follow immediately if we show
that k} and x, are Hardy kernels for L” (R ). To this end we start with the immediate
observation that, based on (91), the functions k;, i = 1,2, are homogeneous of degree
— 1. Going further note that

1> —2tcos@ + 1= (t—cosB)> +sin*0 >0 for 6 € (0,27) . 92)
In addition, a quick inspection of (91) reveals that
1 (1,0) |~/ P =~ ¢7V/7 and |1 (1,0)|~/P ~+'=1/7 on (0,1), (93)
and
i1 (1,0)]r P ~ = CF/P) and |y (1,0)[¢7 /P 1= 0FVP) on (M,0) ,  (94)

if M > 0 is large enough. Combining (92)-(94) ultimately yields
/ k1 (1,6))~/Pdt < +oo and / o(1,0)¢~ 1 /Pdt < +oo.  (95)
0 0

Above we have used the notation f(¢) = g(¢) on an arbitrary set E provided there
exist positive finite constants ¢y, ¢y such that ¢;g(r) < f(r) < c2g(t) foreachr € E.
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In turn, (95) completes the proof of the fact that x; and x, are Hardy kernels on
LP(R4 ), finishing the proof of the lemma.

Consider next the operator
T (PRL)) — (LP(R4))? (96)

given by

fl) (0 0 ) (fl) / ki1(s,1) kia(s, 1) (fl)

T - . + ~ ~ . dt, 97
(f2 0_% f2 JR4 kZl(sut) kZZ(Svt) f2 ( )
where p € (1,c0). By Lemma 1 and Lemma 2, the operator ¥ is of the form discussed
in Theorem 1 with

0 ki L0 00
h:=1 _ ,B:= , and A := N 98)
ko1 O 00 0—-3

L0

In particular, A — 7wi- B = < ) and thus its determinant is # 0. As such

1
2
Corollary 1 applies and yields

T is invertible on (LP(R))?, 1 < p < oo, if and only if

det((g _O%)Jr///%(.,l)a/pﬂg))#o VEER. (99)

Our next goal is to compute .# 75, the Mellin symbol of k. In this regard we have
the following.

Lemma 3. Let Q C R? be the domain consisting of the interior of an infinite angle
of aperture 6 € (0,27) with vertex at the origin and suppose k is as in (64) and its
entries are as in (711)-(74). Then, for each z € C with Rez € (0,1), there holds

1 ( cos(mz) cos(6 +Z(7L’—6))> oo

AKCNE) = 55D sin(6 +z(m— 6)) 0

Proof. With an eye toward computing the Mellin transforms of E,'j( -, 1) for indices
i,j € {1,2}, fix 6 € (0,27) and introduce the following measurable functions on
R denoted by f, g, and &, and given by

fA) = 1 VA € R; suchthat A #1, (101)

and
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1
s(A)i= A2+ 2Acos(m—0)+1’

and h(A) :=Ag(R), VA eRy. (102

Using formula 2.12 from page 14 in [31] we have
A f(z) = —mcot(wz) whenever Rez € (0,1) (103)
and as such, since - f(s) = —ky1(s,1) fors e Ry \ {1},
Mki1(-1)(z) = L cot(mz) whenever Rez € (0,1). (104)
Going further, note that
ki2(s,1) = — = [A(s) — (cos ) - g(s)] for s € Ry, (105)
kai1(s,1) = 5= - (5in®) - g(s) for s € R, (106)

and as such, for each z € C belonging to the intersection of the two strips of conver-
gence for the Mellin transforms of the functions g and 4, there holds

Mz (- 1)(z) = == [ A h(z) — (cos0) - M g(z)] , (107)
M1 (-1)(2) = 2 (sin@) - 4g(z) . (108)

Appealing again to [31], this time to formula 2.54 on page 23 and formula 2.5 on
page 13, the strip of convergence for g is I and that of 4 is I 1 ;. In addition the
following hold

for each z € C such that Rez € (0,2),

cscO .
ﬂm Sln(e +Z(7L'_6)), for 6 € (0,2717)\{75}, (109)
A8(2) = n(z—1)
—— , for 6 =1,
sin(7z)
and .#h(z) = M g(z+ 1) forz € I 1. As such, using (109),
for each z € C such that Rez e (—1,1),
cscO .
() sin(z(m — 0)), for 6 € (0,27)\ {n}, (110)
AMh(z) =
nz
——, for 0=m,
sin(7z)
where we have used that sin(7(z+ 1)) = —sin(7z).

Consequently, based on (107), (109), (110), and elementary trigonometric for-
mulas, we obtain that
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M (1) (z) = COS(Z:;;((:Z)_ =

, for Reze (0,1) and 6 € (0,27). (111)

Next, appealing again to (107) and (109), we immediately arrive at

_ sin(6 +z(m— 0))

M1 (-,1)(2) 2sin(mz)

, for Reze (0,1) and 6 € (0,27). (112)

Finally, since %22 =0onR; xR, (cf. (74)), there holds
Mhn(1)(z)=0  VzeC, (113)

and combining this with (104), (111) and (112) we obtain that (100) holds for each
z € C such that Rez € (0,1) and each 6 € (0,27), completing the proof of the
lemma.

At this point we are ready to present the main invertibility result of the paper.

Theorem 3. Let Q C R? be the interior of an infinite angle of aperture 6 € (0,27).
Denote by D := (dQ) and N := (dQ), the left ray, and respectively the right ray
of Q. Recall the operator T from (59) acting in a linear and bounded fashion from
LP(D) @ LP(N) into itself, for 1 < p < e. Then T is an isomorphism whenever
p € (1,00) is such that

b if 6¢(0,m/2]
Toms I 0e(m/2m)
p#< 2 if 0=1x (114)
A if 6¢c(m3m/2)
20 20 if 0€(3n/2,2m).

Proof. We begin the proof by observing that, given the structure of the kernel of
the operator 7 from (61)-(63), the operator T is invariant under translations and
rotations in R?. Indeed, if 94 is an arbitrary rotation in R? then for each P,Q € R?
there holds

(R(P),R(Q)) = (P,Q) - (115)

Then, based on this and the equations (61) and (62), it follows that the matrix in (63)
is invariant under the rotation R and any translation. Thus we may assume without
loss of generality that Q C R? is the upper graph of the function ¢ from (69) with
0 € (0,2x). In this scenario, denote again by D = (dQ); and N = (dQ); the left,
and respectively the right ray of Q as in (70).

Next, let us make the simple observation that, in the light of the identifications
LP(D)=LP(Ry) and LP(N) = LP (R, ) for each p € (1,0) the following holds

2

T is invertible on L”(D) ® LP(N) <= T is invertible on (L”(R,.)) (116)
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However, using this, Lemma 3 and (99) we may further conclude that

T is invertible on LP(D) @ LP(N), 1 < p < oo, if and only if

Vze 4 +iR (117)
cos(7z) cos(z(m—6)+0)
ot [m (sin(@ +2z(r—0))  —sin(nz) )} 70

For each 0 € (0,27) and each z € % + iR introduce
! cos(7z) cos(z(r—0)+6)
A0.2) = S \si - 11
(8.2) 2sin(7z) (sm(e +2z(mr—0)) —sin(7z) ; (113)

and note that (using elementary trigonometric identities such as the double angle
formula, etc.) for each pair 6, z we may write

detA(0,z) = — cos(mz) - sin(7wz) +sin(0 + z(w — 6)) - cos(6 +z(w — 0))

4sin®(7z) [

= _m [sin(an) +5in(20 4 2z(m— 0))

1 .
= —m-sm(9—9z+2717Z)'C03(—9+91) : (119)

Consequently, using (117)-(119),

T is invertible on LP(D) @ LP(N), 1 < p < oo, if and only if

120
sin(0 — 6z+27z) #0 and cos(—0+ 6z) #0 for z € %+iR. (120)

We shall first determine all those values z € I 1, for which sin(@ —0z+2mz) =0,
where as before,

Io):={z€C: 0 < Rez < 1}. (121)

Since

$in(@ — 0z+2mz) =0 <= 0 — Oz+2nz=kn forsome k€ Z , (122)

2r—0
k € Z. Combining this with the fact that z € I ; this forces & to be 1 and 6 to belong

€ R for some

if sin(6 — 6z +27z) = 0 then z is necessarily of the form z =

. T .
to (0,7), and ultimately z = P Letting
21(0) :={z€Ij, : sin(6 —0z+2mz) =0}, 6 €(0,2m), (123)

we thus obtain
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{%}, when 0 € (0,7:) ;

A= 0, when 6 € [n,Zn) .

(124)

Next, we turn to the task of identifying all those values z € Iy 1, for which the
equation cos(6z — 6) = 0. Since

cos(6z—60) =0 <:>9Z—9=g+k7r for some k € Z , (125)
S . . T kmw .
this implies that if cos(6z — 8) = 0 then necessarily z =1 + 20 + 5 € R. Using

that z € Iy ; this amounts to having
20+ (2k+1)m € (0,26) . (126)

Notice that 26 + (2k+ 1) < 26 combined with the fact that k € Z immediately
gives
k< —1. (127)

Going further, we shall divide our analysis in several cases. First consider the
scenario in which the aperture 6 € (0,%]. Then, combing this with (126) implies
—(2k+1)m < 26 < & and ultimately k > —1, contradicting (127). This shows that,
when 6 € (0, 7] the equation cos(6z— 0) = 0 has no roots z € C with Rez € (0, 1).
Next, consider the scenario in which 6 € (3, 37”] In concert with (126) this im-
plies —(2k+ 1) < 26 < 37 and ultimately k > —2. Keeping in mind (127), this

forces k = —1 and z = zggn € (0,1). Finally we shall analyze the case when

CRS (%",27:). As before, combing this with (126) implies —(2k+ 1) <20 < 4x
and thus k > —2.5. Since k € Z and (127) holds this further gives k € {—1,—2} and

hence z € {2925”, 292?93”} C (0,1). Thus, setting

25(0) :={z€Ijy:cos(0z—0)=0}, 6¢€(0,2m), (128)

we may conclude that

0, when 0 € (O,g} ;

2(0) = {292—57:}, whenee(g,%};
{207 203
20 7 26

(129)
}, when 6 € (37”,27:) .

Finally, the conclusion of the theorem follows combining (120) with (123)-(124)
and (128)-(129).

Moving on, we shall discuss a number of results concerning the spectrum of the
operator ¥ from (96), for 1 < p < e. We start by recalling the complex square root
defined using the principal branch of the logarithm, i.e.,
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. ,tlog(z)
7:=e2 , VzeC,
Ve (130)
where log stands for the principal branch of the logarithm in C .

Then our result reads as follows.

Theorem 4. Let Q C R? be the interior of an infinite angle of aperture 6 € (0,27).
Denote by D := (dQ) and N := (dQ), the left ray, and respectively the right ray
of Q. Recall the operator T from (59) acting in a linear and bounded fashion from
L?(D) @ LP(N) into itself, for 1 < p < co. Then, for each p € (1,0) there holds

1 i
(T (D)L’ (N) = &/ U{ = 5,5, 5 | - (131)
where
_cos(mz) —sin(mz) £ /1 +sin(27z) + 2sin(2z(m — 0) +26) |
M—{ 4Sin(7L’Z) 1 zZe ﬁ‘i‘lR}
(132)

Here /- stands for the complex square root defined in (130).
Moreover, the set (T;LP (D) @ LP(N)) C C = R? is symmetric with respect to
the x-axis, i.e., the following implication holds

we o(T;LP(D)BLP(N)) <= weo(T:L(D)BLP(N)), (133)

where bar denotes complex conjugation.

Proof. Much as observed in the beginning of the proof of Theorem 3, without loss
of generality matters can be reduced to considering Q to be the upper graph of the
function ¢ from (69) with 6 € (0,27) (with D = (dQ); and N = (dQ); as in (70)).
Also, in light of the identifications LP (D) = LP(R. ) and LP(N) = L? (R ) for each
p € (1,00) the following holds

o(T;L" (D) &L (N)) = 6 (T (L (R4))?) (134)

where T is as in (96)-(97). Next, appealing to (97), Lemma 1 and Lemma 2, we may
conclude that the operator ¥ is of the form discussed in Theorem 1 with /2, B,A as in
(98). Consequently, conclusion (27) in Theorem 1 ensures that ¥ is a linear bounded
operator on (L”(R))? and

o(T: (L (Ry))?) =4, (135)
where
A= {weC: det (w[— (A+ .-, 1))(1)) =0, for some z € L +iR} . (136)

Note that (131)-(132) immediately follow from (134) and (135)-(136) as soon as
we establish that
g =N, (137)
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and . o
o =adu{-1 45 -5}, (138)

We shall focus first on establishing (137). With this goal in mind, Lemma 3 gives
that for each z € % + iR there holds

(A+k(-,1)) (2) (139)

o cos(7z) cos(z(m—6)+6)
~ 2sin(nz) <sin(9 +2z(m—0)) — sin(7z) ) |

Thus, for each w € C we have

wl — (A+ . Mk(-,1)) (z) = (140)

1 <2wsin(7tz) —cos(7z) —cos(z(n—@)—i—@))

2sin(72) \ _in(6 4 z(zx—0))  2wsin(nz)+ sin(x2)
Consequently
det (wI— (A+//z7£(-,1))(z)) - m-ﬁ%(wg), (141)
where
Fo(w,z) :=4w?sin?(nz) + 2w ( — sin(7z) cos(7z) + sin® (7z)) (142)
+ (— cos(ma) sin(mz) — cos(z(x — 8) + 8) sin(z(x — ) +6)) .
Thus
{weC: det (w[— (A+ ., 1))(1)) =0, for some z € L +iR} (143)

={weC:Fy(wz) =0, forsome z € %—i—iR}.

Now, since for each fixed z € % + iR, the equation .7y (w,z) = 0 is quadratic in w,
we obtain that

Fo(w,z) =0 if and only if

(144)

. { cos(7z) — sin(7z) + /14 sin(27z) + 2sin(2z(7 — 6) +20) }
v 4sin(7z) ’
which combined with (143) readily yields (137). Next, the equality in (138) follows

from the definition of the set A, and Lemma 4 which we prove next, independent of
the current considerations.
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Turning attention to the 1mphcat10n (133) and using (131)-(132), matters reduce
to showing that the set .7 U { 2, 3~ } is invariant under complex conjugation.
Since clearly this is the case for { %, s 2} we are left with showing that w € &7
if and only if W € <7, where bar denotes complex conjugation. However, this is a
consequence of the fact that

wiz)=w;(Z) and w (2)=w_(3) VzeC, (145)

where, for each z € C,

cos(7z) — sin(7z) + /14 sin(27z) + 2sin(2z(7 — 0) +20)
4sin(mz) '

wy(z) = (146)

Indeed, (145) immediately follows using elementary properties of complex con-
jugation, keeping in mind that for each z € C there holds

sin(z) = sin(z) and cos(z) = cos(z) , (147)

and

VZi=vz. (148)

Here \/is as in (130) and to see (148), we write \/Z = ¢21°2(0) = ¢3 104l (cos (arg(z) ) +
isin(arg(z))), where log is the principal branch of the logarithm. Then (148) follows
upon noticing that arg(7) = —arg(z). This finishes the proof of (133) and completes
the proof of Theorem 4.

Next, we state and prove the lemma invoked in the proof of Theorem 4.

Lemma 4. Let 6 € (0,2n), x € (0,1) and z = x+ iy for y € R. Then the following

hold
im C?S(nz) = —i and lim C?S(nz) =i, (149)
yo Sin(72) y—r—eo sin(7z)
- 1 +sin(27z) +?SIH(ZZ(”_ 0)+26) =1—i, (150)
e (sin(7z))?
and
i [ LESINQTD) + 25in2e(z —0) +26) | (151)
my (sin(7z))?

Proof. This proof is elementary and is included here just for the sake of complete-
ness. We start with the observation that whenever x € (0,1), y € R and z = x + iy,
then sin(7z) # 0. Next, whenever z = x + iy with x,y € R, we shall make use of the
elementary identities

2sin(mz) = sin(mx) (™ + e~ ™) 4+ icos(mx) (™ —e™ ™) | (152)

2cos(mz) = cos(mx)(e™ + e~ ™) — isin(nx)(e™ — e ™), (153)
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along with elementary algebra to write

cos(mz) _ 1 €™ (cos(mx) —isin(mx)) + e ™ (cos(mx) + isin(7x)) (154)
sin(mz) i e™(cos(mx) —isin(mx)) + e ™ (—cos(mx) — isin(mx)) ’

from which the equalities in (149) easily follow. Here we made use of the fact that
sin(mz) # 0 if y #£ 0.

Turning our attention to the equalities in (150) and in (151), we start with the
observation that, based on (152), there holds

1 1
o (sin(7z))? e (sin(7z))? (155)
in(2
Next, let us observe that since s%n( 72) =2- c9s(7tz) , based on (149), there holds
(sin(7z))? sin(7z)
in(2 in(2
lim L’”)z — 20 and fim S0CT) o (156)

1% (sin(2)) MM in(z2) 2

sin(2z(w — 6) +20)

Our next goal is to find the limit of as y approaches £oo. To

(sin(rz))?
this end, first write
sin(2z(w — ) +26) = sin(2(x+iy)(w — 0) +20) = sin(a + iby) , (157)
where
a:=2x(r—0)+20 and b:=2(x—0). (158)

Consequently, squaring (152) and using (157), we obtain

sin(2z(r— 0) +20)

(sin(7z))? B (159)

5 e (sina+icosa) + e b (sina — icosa)
e (sin(2xm) +icos(2x7)) + e~ 27 (sin(2x7w) — icos(2xmw)) +2

Combining (159) with (158), and the fact that 6 € (0,27x), allows us to conclude

that
. sin(2z(r—0)+26) . sin(2z(mr—0)+26)
ylgg (sin(7z))? B yLHIlm (sin(7z))? =0 (160)

Together (155), (156), and (160) yield

1 +sin(27z) +2sin(2z(mw — 0) +206)

)121010 (sin(7z))? =2 (161)
lim 1 +sin(27z) +2sin(2z(mw — 0) +206) by (162)

Yoo (sin(rz))?
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Finally, (150) and (151) follow from (161) and (162), keeping in mind that /- stands
for the complex square root defined in (130).

We conclude this section by presenting several spectral examples.

o(T; L' (D) & L'*(N)) when § = o(T;L*(D) ® L*(N)) when 0 = 7
(& ) 2

05 04 03 02 01 0 06 05 04 03 02 01 0

Fig. 1 The L” (D) & LP(N) spectrum of the operator 7. The case p = 1.5 and 6 = 7 is presented
in the left figure. The case p =2 and 6 = 7 is presented in the right figure.

o(T:L°(D) & L*(N)) when ¢ = 3% o(T; L1(D) & L(N)) when 0 = 3

2

08
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02
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08

Fig. 2 The L”(D)® LP(N) spectrum of the operator T. The case p =5 and 6 = %" is presented in
the left figure. The case p =10 and 6 = 37” is presented in the right figure.

4 The well-posedness of (MBV P,) in a sector

In this section we study the well-posedness of the mixed boundary value problem
(1) in an infinite sector in R2. Our main result in this direction is as follows.

Theorem 5. Let Q C R? be the interior of an infinite angle of aperture 8 € (0,27).
Denote by D := (9Q) and N := (dQ); the left ray, and respectively the right ray
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of Q. Then the mixed boundary value problem (MBVP,) from (1) is well-posed
whenever

z) if 6¢€(0,m/2]
2;:697 Zggn if 6€(m/2,m)
PFA 2 if 0=nm (163)
e if ¢ (m,3m/2]
Yoo e i 0€(3n/2,27).

A key step in the proof of Theorem 5 is the following result. To state it, recall the
operators . from (45) and K* from (48).

Proposition 1. Let Q be a graph Lipschitz domain in R* and p € (1,0) be such that
the operators %I—i—K* and —%I—i—K* are invertible on LP (0 Q). Then the following

holds
Au=0 in Q and N (Vu) e LP(0Q) <= u=."f+c ”
(164)
for some function f € LP(dQ) and some constant c .

Proof. The right-to-left implication in (164) is immediate using the fact that for
each f € LP(d€) the function . f is harmonic in Q and Theorem 2.

We turn now our attention to the left-to-right implication in (164) and fix for the
moment a function

we€”(R) suchthat Aw=0 in Q and A (Vw) € LP(dQ) . (165)

Using a Fatou type result for harmonic functions with pointwise finite non-tangential
maximal operator in Lipschitz domains (obtained by combining [15, Theorem 6.4,
pp. 112] and [11, Theorem 1]) it follows that

N .z

there exists (Vw) nQ c-a.e.on dQ and (Vw)’;Q e (LP(0Q))*. (166)
Consequently,

here exist J o) = va@w)[" and 2% Q. (167

there exist dyw = V| (dhw) s Vo (diw) 26 an 5 o-a.e. on , (167

and
dw
ow € LP(0Q) and — € LP(dQ). (168)

ov

For each fixed j € {1,2} and X € Q consider next the vector field F = (F}, ) in Q
given by

Fi:=—(E)(X —-)(djw) + 01;(hE)(X —-)(dhkw) — (dE)(X —-)(d1w) , (169)
s = —(92E)(X = )(9w) + 82,(OE) (X —)(0w) — (BE)(X —)(aw) . (170)
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Above E is the fundamental solution for the Laplacian as given in (44). A straight-
forward calculation based on (169)-(170) gives that divF = 6xd;w in the sense of
distributions in £, where dx denotes the Dirac delta distribution with mass at X. In
addition, (167)-(168) combined with the fact whenever X € Q is fixed

N (|X1——|) € L1(Q) foreach g€ (1,00), (171)

guarantee that the remaining conditions of the Divergence Theorem from [27] are
satisfied. In turn, this yields in the case j =1

dw = 3. (dew) —aly(g—t) in Q, (172)
and in the case j =2
dw = —aly(arw)—azy(g—vv”) in Q. (173)

Assuming that in addition to (165) the function w also satisfies

d

a—v‘f —0 G-ae.onoQ , (174)
taking non-tangential traces in (172) and (173), and using the jump relations for the
gradient of .% from (54), we arrive at

n.t.
81w
2Q

= 1yt p /a (@:E)(-=Q)(3w)(Q)do(Q). (175)

n.t.

om| = videw—po. /(m(alE)(. —0)(9:w)(0)do(Q) . (176)

Combining (175) and (176) together with the fact that, as seen from (48), the integral
kernel of the operator K* is v;(P)(d,E)(P — Q) + v2(P)(hE)(P — Q), we obtain

n.t.
aq;w =V azw
aQ

— vz81w’:; =10:w—K*(d:w) on 9Q . (177)

Hence (%I—i— K*)(drw) = 0 and using the membership of dw in L”(d Q) from (168)
along with the invertibility of the operator 37+ K* on LF(d) this further yields
drw = 0. Using this information together with the assumption (174) and identities
(172)-(173) allows us to conclude that Vw = 0 in £ and thus w is constant in . To
summarize we have shown so far that

if w satisfies (165) and (174) then w is constant in Q . (178)

Next, let u satisfy the conditions (165), i.e., be harmonic in Q and such that
A (Vu) € LP(9d£2). On grounds of (168), we obtain that 3—\“, € LP(dQ). Using this
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and the LP(dQ) invertibility of the operator — %I + K* it is therefore meaningful to
define

w:zu—y[(—%l—i—l{*)l (g—z)] in Q. (179)

Notice that clearly w is harmonic in €. Using the properties of u along with item (2)
from Theorem 2, it immediately follows that 4" (Vw) € LP(d Q). In addition, using
item (4) from Theorem 2 we may write

dw  du | 1 1 [ du
—=——(—54+K")(—5I+K" — | =0 180
av av ( 2 + )( 2 + ) av ) ( )
i.e. w also satisfies (174). Consequently, using (178), we further obtain that w is a
constant ¢ in Q. This and (179) immediately yield that u = . f 4 ¢ for the function
fi=(—31+K")"! (%) € L?(£). This finishes the proof of the direct implication
in (164) and completes the proof of the proposition.

We are now ready to present the proof of Theorem 5.

Proof. Fix p € (1,0) satisfying (163). The existence of a solution for (MBVP,)
follows immediately from Theorem 3.

Turning our attention to proving uniqueness, assume that u is a solution of the
homogeneous mixed value problem (MBV P,) (i.e. fpo =0 on D and fy =0 on N).
In particular

Au=01in Q and A (Vu) € L (0Q) . (181)

Our goal is to show that u =0 in Q.
However, if Q is a sector of aperture 6 € (0,27) the operators j:%l + K* are
invertible on L?(d ) whenever p € (1,e0) is such that

Zhifo<o<m,
# (182)

s if 1< 0 <2,

(see e.g., [38]). Since (163) guarantees that (182) holds, it follows that the hypothe-
ses of Proposition 1 are satisfied by the sector 2 and the integrability exponent p.
Consequently, using (181) and Proposition 1 we obtain

u=.f+c for some function f € L”(d€) and some constant c . (183)

Thus 0 = u‘g" = (Sf)|lp+cand 0= g_C‘N = (—%I—i—K*)f = 0. In particular this
ultimately yields 7 (fp, fiv) = (0,0) € L?(D) @ LP(N). Finally, since p is as in (163),
Theorem 3 applies and gives that 7 is invertible on L (D) & LP(N). In particular

S =00ndQ and thus u is a constant in Q. Since u‘gt' = 0 this ultimately allows us
to conclude that u = 0 in £, as desired. This completes the proof of the theorem.
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